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Bound states in the continuum (BICs) can manifest as vortex polarization singularities in momentum space. The BICs at Γ
point are proved to be protected by the rotational symmetry, and previous studies have explored the at-Γ BICs split into
pairs of circularly polarized states with opposite chirality after breaking the in-plane inversion symmetry. As another type of
conventional BICs, off-Γ BICs, have been less explored in their evolution and modulation relations compared to their at-Γ
counterparts. Here, we investigate the evolution of circularly polarized states spawned from off-Γ BICs by selectively break-
ing in-plane and out-of-plane symmetry. The circularly polarized states exhibit distinct evolutionary trajectories under dif-
ferent symmetry-breaking conditions. This study offers an effective approach for manipulating the evolution of circularly
polarized states in momentum space from off-Γ BICs, holding promise for potential applications in the field of polarization
modulation and topological photonics.
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1. Introduction

Bound states in the continuum (BICs) are non-radiative, spa-
tially localized states that exist within the continuous radiation
spectrum[1,2]. They manifest as non-radiative optical modes,
with theoretically infinite lifetimes, confined within photonic
crystal (PhC) slabs[3–7] or other structures[8–10]. In PhC slabs,
BICs are exhibited as centers of polarization vortices in momen-
tum space, carrying integer topological charges[11–13]. These
unique topological properties of BICs hold prospective applica-
tions in advanced photonic technologies such as lasers[14–16] and
sensors[17–20]. So far, most BICs have been demonstrated in mir-
ror-symmetric structures. When the symmetry of the structure
is broken, a BIC is decomposed into a pair of circularly polarized
points (C points) with opposite chirality[21–26]. This symmetry
breaking initiates a remarkable evolution in the behavior and
characteristics of the BIC, and the ability to manipulate C points
spawned from BICs provides new possibilities for controlling
optical fields and light detection[27–33].

BICs occur throughout momentum space, at both Γ points
and off-Γ points[11,24,34,35]. Most current research is concen-
trated on the evolutionary behavior of BICs at Γ points following
symmetry breaking[29,36–40]; at-Γ BICs are protected by rota-
tional symmetry and remain at the Γ point until the symmetry
is broken. In contrast, off-Γ BICs originate from coherent can-
cellation of upward and downward radiative channels[35], and
breaking mirror or inversion symmetry disrupts this interfer-
ence condition, causing the off-Γ BIC to evolve into a pair of
C points carrying half-integer topological charges[36,41]. This
distinction makes off-Γ BICs a promising platform to explore
richer mechanisms of C point generation and control. At
present, the evolutionary behavior of BICs at off-Γ points is
rarely reported. Here, separately breaking in-plane inversion
(C2) and out-of-plane mirror (σz) symmetries of PhC slabs,
we investigate the evolution of C points spawning from off-Γ
BICs. We vary each asymmetry parameter in turn and show
the corresponding C point trajectories. The results indicate that
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different types of symmetry breaking produce distinct C point
trajectories. This provides a new approach for manipulating C
points: through specific symmetry breaking, they can be moved
to any position inmomentum space. This also presents potential
applications in fields such as light manipulation and singular
optics.

2. Results and Discussion

First, we simulate a BIC at an off-Γ point using the finite-
element method. We consider two-dimensional PhC slabs [see
Fig. 1(a)], in which a square lattice (periodicity a = 450 nm) of
square air holes (L = 247 nm) is patterned in silicon nitride
(n = 2.02, S0 = L2 common in the laboratory). The 200 nm thick
slab, with no substrate, maintains its up-downmirror symmetry.
All modes in this system can be classified as TE-like or TM-like.
TE-like and TM-like modes are derived from the conventional
definitions of transverse electric and transverse magnetic modes.
In photonic crystal slabs, due to the lack of continuous transla-
tional symmetry along the z-direction, the modes are not strictly
TE or TM. Instead, we use the symmetry of the electric andmag-
netic fields at the mid-plane of the slab to categorize the entire
band as TE-like or TM-like. Here, we focus on the TM2 band and
numerically simulate a BIC at an off-Γ point. The band structure
and quality factor (Q factor) are shown in Fig. 1(b), in which the
TM2 band is indicated with a red line and itsQ factor is indicated
in blue. A BIC is found along the kx-axis, off the normal direc-
tion at kxa=�2π� = 0.385. Figure 1(c) plots the Q factor near
this BIC in momentum space, showing how it tends to diverge.

The polarization maps for far-field radiation near the BIC
are plotted in Fig. 1(d). We define the topological charge as
the winding number of the polarization major axis around the
BIC in momentum space. This vortex exhibits a positive topo-
logical charge.

2.1. In-plane symmetry breaking

To analyze in depth the evolution of C points following the
disruption of a BIC, and to quantitatively assess the degree of
structural symmetry variation, we implemented a continuous
modulation scheme for symmetry breaking. Throughout this
process, the total area of the unit cell was kept constant to ensure
overall structural stability.
Initial parameters obtained from the design specifications

were input to construct the PhC slabs structure model. To quan-
titatively characterize the degree of in-plane symmetry breaking,
we introduce the symmetry-breaking parameter α, as shown in
Fig. 2(a):

L3 =
������������������������
2S0=�2 − α�

p
, �1�

L1 = �1 − α�L3: (2)

We used these equations to reverse-calculate the scaling of the
top and bottom edge lengths (L1 and L3) of the air slots in the
PhC slabs as the parameter α, which governs the scaling process,
varying from zero to one, thereby achieving in-plane symmetry
breaking. We used COMSOL finite element analysis to obtain
electric field data �Ex , Ey� for different values of α. This revealed
the impact of mirror symmetry breaking on the splitting of BICs
and the evolution of C point displacement.
To better observe the pair of C points with opposite chirality,

we use the polarization orientation angle[41,42]:

Fig. 1. Observation of off-Γ BICs. (a) Schematic of the two-dimensional PhC
slabs. (b) Band structures along the Γ-X direction. The TM2 band is indicated
by the red line, and its Q factor is represented by the blue line. (c) Variation of
the Q factor in momentum space near the BIC. (d) Far-field polarization maps
in the vicinity of the off-Γ point, where the red (blue) ellipse indicates the left
(right)-handed polarized state, and the black line corresponds to the linearly
polarized state.

Fig. 2. Schematic of in-plane inversion (C2) symmetry breaking by variation of
α. (a) Schematic of the PhC slabs with an isosceles trapezoidal in-plane shape.
(b) Evolution in momentum space of the pair of C points generated by the
splitting of the BIC as the edge lengths change. Blue (red) indicates right (left)
circular polarization. (c) Distribution of the far-field radiation polarization ori-
entation angle ϕ in momentum space for α = 0.1, 0.5, and 1.0.
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ϕ =
1
2
arg�S1 � iS2�: (3)

This quantifies the orientation of the major axis of the far-
field polarization ellipse to the x-axis, providing a quantitative
method for analyzing the topological properties of polarization
singularities in momentum space. The procedure reveals the
local topological features of these singularities and facilitates
the mapping of the polarization state distribution across the
entire Brillouin zone. This offers an intuitive visualization of
the topological structure of polarization states in momen-
tum space.
We obtained images at each incremental step of this process.

In Fig. 2(b), after establishing a definitive method to confirm the
positions of the C points, we quantified the displacement trajec-
tories corresponding to variations in the symmetry-breaking
parameter α. The results reveal systematic trajectories in
momentum space of C points that have split from the off-Γ
BIC. Besides, we also plotted the trajectory of the polarization
states at a specific wavevector on the Poincaré sphere; see more
details in the Supplement 1. The disruption of in-plane inversion
symmetry causes a pronounced separation of the C points along
the kx-direction, in contrast to the predominantly ky-direction
displacement observed under out-of-plane symmetry breaking;
detailed comparisons will be shown in the next section. As α
gradually increases, this pair of C points progressively
diverges along the kx-axis and becomes symmetrically distributed
on both sides of the original off-Γ BIC position. Their trajectories
clearly demonstrate the effect of variations in structural symmetry
parameters on the modulation of polarization states.
In Fig. 2(c), the left-handed C point was tracked, and the dis-

tribution of angle ϕ was analyzed to further examine the effects
of in-plane symmetry breaking. When α is low (e.g., α = 0.1),
the pair of C points has just separated from the BIC, and the
ϕ distribution is approximately symmetric, indicating a rela-
tively small perturbation. As α increases to 0.5, the left-handed
and right-handed C points begin to separate, with both points
starting to move along the kx-direction. When α reaches 1.0,
the far-field polarization map exhibits a pronounced shift,
and distinct boundaries emerge between different regions.
The areas corresponding to the black and white regions increase,
and the two C points become completely separated. This indi-
cates that the anisotropic scaling of the top and bottom lengths
(L1 and L3) results in structural deformation, leading to a redis-
tribution of the far-field polarization states and a migration of
the polarization singularities in momentum space. It also dem-
onstrates that as the degree of symmetry breaking increases, the
disruption of the BIC becomes increasingly intense.
Using Eq. (3), we employed an interpolation algorithm to

finely fit electric field data obtained from our simulations,
thereby enhancing the resolution. This enabled us to extract pre-
cise coordinates of the boundaries of the polarization orientation
regions. This approach refines the field distribution and enables
more precise determination of C point positions by identifying
the crossings of the polarization orientation angle. The interpo-
lation does not alter the underlying physical data but improves

the numerical accuracy within the limits of the FEM mesh. We
verified that the C point positions converge upon further refin-
ing the original simulation grid, confirming the robustness and
reliability of the interpolation-based analysis. This is shown in
Fig. 2(c), where black regions correspond to polarization angles
perpendicular to the x-axis, white regions indicate angles paral-
lel to the x-axis, red denotes polarization ellipse major axis
angles in the first and third quadrants, and blue represents
angles in the second and fourth quadrants. These boundary
coordinates correspond precisely to the positions of the C
points.
This interpolation-based analysis addresses the problem of

blurring of circular polarization points caused by large simula-
tion step sizes. It also provides a reliable means to record and
track the evolution of these points in momentum space with
high precision. By systematically varying the symmetry-break-
ing parameters, we investigated precisely how the circular
polarization points shift and reorganize in momentum space
as the structural symmetry is altered.

2.2. Out-of-plane symmetry breaking

In this section, we examine the effects of breaking the out-of-
plane mirror (σz) symmetry of the model representing the
PhC slabs structure. Based on the characteristics of the crystal
structure along the σz direction, we employed four distinct sym-
metry-breaking strategies: breaking along the x-direction, y-
direction, x- and y-directions simultaneously; and altering the
substrate refractive index.
Under each of these symmetry-breaking conditions, we sys-

tematically investigated the evolution of C points carrying
half-integer topological charges generated from the splitting
of off-Γ BICs. By adjusting parameters, we achieved fine control
over the splitting process of the BICs and the subsequent trajec-
tories of the C points. This also enabled us to isolate and control
the impact of out-of-plane symmetry breaking on BICs and their
derived circularly polarized singularities without affecting the
in-plane symmetry.

2.2.1. Symmetry broken by the x-direction

To break the mirror symmetry along the z-direction in the PhC
slabs while ensuring that air was present on both the top and
bottom surfaces, so that the refractive index remained constant,
we tilted the walls of the air holes. This was implemented by
adjusting the upline (L1) and baseline (L2) edge lengths of the
air hole sidewalls along the x-direction, keeping the lateral area
constant to preserve the duty cycle. A tunable parameter β was
introduced to quantify the degree of structural asymmetry,
according to the equations below. As the value of β increases,
the mirror symmetry between the top and bottom parts of
the slab is progressively altered, as illustrated in Fig. 3(a):

L2 =
������������������������
2S0=�2 − β�

p
, (4)

L1 = �1 − β�L2: (5)
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Figure 3(b) illustrates the evolution in momentum space of
the circularly polarized singularities generated by the splitting
of the off-Γ BIC as the asymmetry parameter β is gradually
increased. For small β values, a pair of polarization singularities
appears near the original BIC. As structural asymmetry intensi-
fies, these singularities begin to split along the kx-direction, while
remaining symmetrically aligned along ky = 0. This shows the
effect of out-of-plane symmetry breaking on the polarization
state: with increasing β, the singularities’ trajectories become
more parallel. When β reaches 0.85, the interaction between
the right-handed and left-handed C points weakens, the separa-
tion between the singularities attains its maximum, and their
trajectories stabilize, demonstrating a marked reduction in the
coupling between oppositely handed states.
Figure 3(c) displays the distributions of far-field radiation

polarization orientation angles in momentum space for three
representative β values: 0.1, 0.4, and 0.8. At β = 0.1, the angles
are distributed symmetrically near ky = 0, with localized regions
showing opposite symmetry in the off-Γ area. As β increases to
0.4, the singularity regions become more extensive and shift fur-
ther away, exhibiting larger steps along the ky-direction. At
β = 0.8, the polarization states undergo significant reorganiza-
tion, with the regions corresponding to circular polarization pre-
dominantly extending along the kx-axis.

2.2.2. Symmetry broken by the y-direction

To further investigate the influence of z‐direction symmetry
breaking on the evolution of far‐field polarization states, we
tilted the air-hole walls along the y‐direction in the PhC slabs.
This was done while ensuring both upline (L1) and baseline
(L2) lengths of the trapezoidal surfaces remained in contact with
air, so the refractive index remained constant. The same

mathematical framework was used for x‐direction compression,
proportionally modifying the dimensions of the trapezoidal air
slot upline (L1) and baseline (L2) edge lengths using the same
relationship as that for the x‐direction, to characterize the degree
of compression along the y‐direction. As the value of β gradually
increases, the mirror symmetry between the upline (L1) and
baseline (L2) lengths of the trapezoidal parts of the slab is
increasingly broken, as shown in Fig. 4(a).
Figure 4(b) presents the evolution trajectory in momentum

space of the pair of C points generated by the splitting of the
BIC during the edge length adjustment process. Notably, com-
pared to the primarily kx-direction displacement observed
under x-direction compression, this out-of-plane symmetry
breaking causes a more pronounced displacement of the C
points along the ky-axis. Initially, when β is small, the pair of
circularly polarized states exhibits only slight displacement
along both the kx- and ky-axes. However, as β increases, the dis-
placement becomes progressively larger, with a greater shift
along the ky-direction. When β approaches its maximum value,
the separation between the twoC points almost reaches its maxi-
mum and their trajectories become stabilized.
Figure 4(c) details the distribution of the far-field radiation

polarization orientation angle ϕ in momentum space for β val-
ues of 0.1, 0.4, and 0.8. For smaller β values, the C points are
concentrated near ky = 0, indicating that the oppositely handed
pair of polarization singularities has only just begun to split. As β
increases to 0.4, the spiral regions (displayed in red, white, blue,
and black) clearly expand along the ky-direction, demonstrating
that the orientation of the polarization ellipse’s major axis

Fig. 3. Disruption of structural symmetry along the z-direction through varia-
tion of the upline (L1) and baseline (L2) edge lengths in the x-direction.
(a) Schematic of the PhC slabs with trapezoidal sidewalls in the x-direction.
(b) Evolution in momentum space of the pair of C points generated by the
splitting of the BIC as the edge lengths change. Blue (red) indicates right-
handed (left-handed) circular polarization. (c) Distribution of the far-field radi-
ation polarization orientation angle ϕ in momentum space for β= 0.1, 0.4, and
0.8.

Fig. 4. Disruption of structural symmetry along the z-direction through
variation of the upline and baseline edge lengths along the y-direction.
(a) Schematic of the PhC slabs with trapezoidal sidewalls in the y-direction.
(b) Evolution in momentum space of the pair of circularly polarized points
generated by the splitting of the BIC as the edge lengths change.
(c) Distribution of the far-field radiation polarization orientation angle ϕ in
momentum space for β = 0.1, 0.4, and 0.8.
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transitions from being locally concentrated to more dispersed.
When β reaches 0.8, the polarization singularities shift to a posi-
tion close to kya=�2π� = 0.05, indicating that the C points have
significantly separated along the ky-direction.
These results show that under the condition that in-plane

symmetry is maintained, precise control of out-of-plane asym-
metry—achieved by tilting the sidewalls in the y-direction—
enables accurate positioning and manipulation of C points in
momentum space.

2.2.3. Symmetry broken by both the x-direction and the y-direction

To rigorously validate the correlation between the evolution of
C points and the Γ-X direction in the PhC slabs, we adjusted
the lateral wall lengths along the x- and y-directions simulta-
neously. This transformed each original air trench into an
inverted truncated quadrilateral pyramid structure measured
by geometric parameter β. This structural modification introdu-
ces an additional hierarchy of asymmetry, thereby more thor-
oughly disrupting the out-of-plane mirror symmetry along the
z-direction. Under such intricate symmetry broken conditions,
we systematically investigated the behavior of circularly polar-
ized states in momentum space.
Figure 5 illustrates the structural evolution and its effects.

Figure 5(a) depicts a representative model with symmetrically
truncated sidewalls. Figure 5(b) shows how an incremental
increase of the asymmetry parameter β drives the transition of
the inverted truncated pyramid toward a standard inverted

quadrangular pyramid. This amplifies symmetry breaking, result-
ing in pronounced displacement in momentum space of circularly
polarized singularities originating from BICs. Observations show
that the displacement magnitude along the ky-direction signifi-
cantly exceeds that along kx with increasing β, strongly supporting
the theoretical linkage between circular polarization dynamics
and Γ-X directional symmetry-breaking mechanisms.
Figure 5(c) further analyzes the momentum-space distribu-

tion of far-field radiation polarization orientation angles for β
values of 0.1, 0.4, and 0.8. At β = 0.1, the angles predominantly
cluster near ky = 0, with residual linear polarization components
(white/black regions) persisting near the original off-Γ BIC posi-
tions. As β increases to 0.4 and 0.8, the black and white regions
progressively collapse into linear features, while red-dominated
regions expand, signifying a substantial redistribution of far-
field polarization. Circularly polarized states exhibit a distinct
displacement trend along the ky-axis, corroborating the role
of asymmetric geometry in governing polarization evolution.
These results demonstrate that simultaneous adjustment of

the upline and baseline edge lengths of air trench sidewalls along
the x- and y-directions effectively disrupts out-of-plane mirror
symmetry, enabling precise generation, separation, and stabili-
zation of circularly polarized states in momentum space. The
engineered asymmetry not only induces measurable displace-
ment of polarization singularities but also induces far-field
polarization variation.

2.2.4. Refractive index modification

As another means of disrupting the out-of-plane mirror sym-
metry (σz) of the PhC slabs, we introduced, above the slab, an
infinitely thick substrate with a different refractive index. As
illustrated in Figs. 6(a) and 6(b), when the substrate refractive
index nsub increases progressively from 1.0 to 1.6, off-Γ BICs
undergo splitting, generating pairs of circularly polarized states
with opposite handedness. This transformation decomposes the
original BIC with integer topological charge into two polariza-
tion singularities carrying half-integer topological charges
(�1=2 and −1=2).
Figure 6(c) displays the polarization orientation angle distri-

bution, revealing that the circularly polarized states with oppo-
site chirality exhibit symmetric evolution trajectories along
ky = 0 in momentum space. As nsub increases, the deviation of
these topological singularities becomes more pronounced. For
low nsub, the opposite chirality C points tend to converge
symmetrically toward the Γ-point, indicating strong mutual
coupling. For higher nsub, this coupling weakens, leading to
repulsive interactions that drive the polarization states apart
in momentum space. Such displacement highlights the critical
role of the substrate in modulating photonic band structures—
particularly in altering far-field symmetry—and underscores the
profound influence of substrate refractive index on the genera-
tion, interaction, and separation of topological singularities.
Polarization orientation angle maps confirm that increasing

nsub induces significant far-field polarization redistribution. The

Fig. 5. Disruption of structural symmetry along the z-direction through varia-
tion of the upline and baseline edge lengths along both x- and y-directions.
(a) Schematic of the PhC slabs with trapezoidal sidewalls in both the x- and y-
directions. (b) Evolution in momentum space of the pair of C points generated
by the splitting of the BIC as the edge lengths change. (c) Distribution of the
far-field radiation polarization orientation angleϕ in momentum space for β =
0.1, 0.4, and 0.8.
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orientation angles of polarization ellipses become larger, and the
spatial extents of regions with opposite chirality progressively
expand, demonstrating the broad impact of substrate-induced
symmetry breaking on far-field polarization characteristics.
Thus, by engineering the substrate refractive index, we can con-
trol the generation and evolution of topological singularities in
momentum space, enabling tailored manipulation of circularly
polarized states.

3. Conclusion

We investigated the impact of breaking out-of-plane mirror (σz)
symmetry and in-plane inversion (C2) symmetry on the polari-
zation characteristics of PhC slabs. We demonstrated the ability
to regulate the evolutionary trajectory and trends of circularly
polarized points generated at off-Γ positions through symmetry-
breaking mechanisms. These mechanisms not only disrupt the
non-radiative vortex singularities associated with off-Γ BICs
but also lead to the emergence of polarization singularities, or
circularly polarized states, in their vicinity. These circularly
polarized states exhibit distinct polarization structures, which
evolve dynamically in momentum space as the symmetry-
breaking parameters are varied.
We demonstrated the generation and evolutionary trajecto-

ries of these circularly polarized states under the influence of
structural asymmetry. We used four different methods of break-
ing out-of-plane symmetry: by varying the structure in the
x- and y- directions separately and combined, and by adding a
substrate above the slab. Our findings provide robust theoretical
and numerical support for controlled generation and regulation
of polarization singularities, and offer valuable possibilities for
applications in polarization control and topological photonics.

Breaking σz symmetry induces anisotropic displacements of cir-
cularly polarized states along the ky-axis, while breakingC2 sym-
metry leads to splitting and divergence of polarization states
along the kx-axis. These contrasting behaviors underline the dis-
tinct effects of out-of-plane and in-plane symmetry breaking on
the momentum-space polarization topology of PhC slabs. We
mapped far-field polarization orientation angle distributions,
revealing the redistribution and evolution of polarization states
as the structural parameters are systematically modified. The
results underscore the role of symmetry breaking in modulating
the polarization topology of photonic systems.
This research advances our understanding of polarization sin-

gularities in momentum space for PhC slabs and connects with
the broader field of topological photonics. The generation and
manipulation of circularly polarized states provide a framework
for exploring the range of behaviors of polarization singularities
and their variations under symmetry-breaking mechanisms.
The ability to control and tailor polarization singularities in

PhC slabs holds promise for a range of applications. These
include polarization filtering, vector beam generation, and
quantum optics, where precise control of polarization states is
crucial. The demonstrated tunability of polarization structures
in momentum space provides for future topological photonic
systems, enabling the development of devices with advanced
functionality. Such precise control of circularly polarized states
and polarization singularities in momentum space can enable
practical applications including polarization selective filters
and beam splitters, on-chip generation of vector and vortex
beams for optical communication and microscopy, as well as
enhanced enantioselective sensing by tailoring the spatial distri-
bution of chiral fields. These examples highlight the technologi-
cal potential of our approach beyond the fundamental insights
into symmetry-breaking phenomena. Our results highlight the
potential of symmetry-breaking strategies to unlock novel opti-
cal properties in photonic structures, paving the way for trans-
formative advances in photonics and optoelectronics.
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